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In a spatially flat universe and for an interacting cosmology, we have reconstructed the interaction
term, Q, between a cold dark matter (DM) fluid and a dark energy (DE) fluid, as well as a time-
varying equation of state (EoS) parameter ωDE, and have explored their cosmological impacts on
the amplitudes of the first six cosmographic parameters, which allow us to extract information
about the kinematic state of the universe today. Here, both Q and ωDE have been modeled in
terms of the Chebyshev polynomials. Then, via a Markov-Chain Monte Carlo (MCMC) method, we
have constrained the model parameter space by using a combined analysis of geometric data. Our
results show that the evolution curves of the cosmographic parameters deviate strongly from those
predicted in the standard model when are compared, namely, they are much more sensitive to Q and
ωDE during their cosmic evolution. In this context, we have also found that different DE scenarios
could be compared and distinguished among them, by using the present values of the highest order
cosmographic parameters.
PACS numbers: 04.20.Cv, 95.36.+x, 98.80.Es,98.80.Jk
I. INTRODUCTION
Nowadays, a huge number of independent observa-
tional evidences [1–32] reveal that the universe is under-
going an accelerated expansion during the late times cos-
mic. This observed phenomenon is a transcendental issue
today in Cosmology and its understanding from physical
arguments is still unclear. In this sense, two kinds of ex-
planations can describe that phenomenon, but they are
different in nature. The first one requires the existence
of an exotic form of energy with negative pressure usu-
ally called DE [33]. This energy has been interpreted in
various forms and widely studied in [34]. The second one
is the large-distance modification of gravity, which leads
to the cosmic acceleration today [35]. Due to the de-
generacy between the space of parameter and the cosmic
expansion, it is difficult to decide which above explana-
tion is correct.
In the literature, an alternative way have been proposed
without the use of cosmological variables coming from
dynamical descriptions and under the assumption that
the Friedmann-Robertson-Walker (FRW) metric is still
valid. This approach is denominated Cosmography or
Cosmokinetics. Hence, in general, via the Taylor expan-
sion of the scale factor a(t), in terms of the cosmic time
t, we truncate the series at the sixth order and the di-
mensionless coefficients defined today q0, j0, s0, l0 and
m0 are respectively denominated as deceleration, jerk,
snap, lerk and merk, and called cosmographic parame-
ters, which describe the kinematic state of the universe
[36–49] and can be measured by cosmic observations to-
day.
On the other one, an interacting DE model (IDE) with
two different cases is discussed here. Due to the lack-
∗ freddy@ifm.umich.mx, freddycuevasolano2009@gmail.com
ing of an underlying theory for construct a general term
of interaction, Q, between the dark sectors, different
ansatzes have been widely discussed in [50–55]. So, It
has been shown in DE scenarios that Q can affect the
background the expansion history of the universe and
could very possibly introduce new features on the evo-
lution curves of the cosmographic parameters. In this
letter, we have attempted phenomenological descriptions
forQ and ωDE, by expanding them in terms of the Cheby-
shev polynomials Tn, defined in the interval [−1, 1] and
with a divergence-free ωDE at z → −1 [56, 57]. However,
that polynomial base was particularly chosen due to its
rapid convergence and better stability than others, by
giving minimal errors [24, 58]. Besides, Q could also be
proportional to the DM energy density ρDM and to the
Hubble parameter H. Here, Q will be restricted from the
criteria exhibit in [59].
The focus of this paper is to investigate the effects of Q
and ωDE on the evolution of the first six cosmographic
parameters and compare them with the results of non-
interacting models.
To constrain the parameter spaces of our models, break
the degeneracy of their parameters and put tighter con-
straints on them, we use an analysis combined of Joint
Light Curve Analy-sis (JLA) type Ia Supernovae (SNe
Ia) data [1–3], including with Baryon Acoustic Oscilla-
tion (BAO) data [5–16], together the Planck distance pri-
ors of the Cosmic Microwave Background (CMB) data,
[4, 20–22] and the Hubble parameter (H) data obtained
from galaxy surveys [23–32].
The main result that we have found here, is that, the
amplitudes of the cosmographic parameters in the IDE
model deviate significantly of those inferred in the non-
interacting models. It could be used to establish differ-
ences among our models.
The paper is organized as follows. In Sec. 2, we have de-
scribed the phenomenological model considered here. In
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2Sec. 3, we have presented the cosmographic parameters.
In Sec. 4 provides a description of the constraint method
and observational data. We discuss the results obtained
in Sec. 5. Finally, we have summarized the conclusions
In Sec. 6.
II. INTERACTING DARK ENERGY (IDE)
MODEL
We assume a spatially flat FRW universe, composed
with four perfect fluids-like, radiation (subscript r),
baryonic matter (subscript b), DM and DE, respec-
tively. Moreover, we postulate the existence of a non-
gravitational coupling in the background between DM
and DE (so-called dark sector) and two decoupled sec-
tors related to the b and r components, respectively.
We also consider that these fluids have EoS parameters
PA = ωAρA, A = b, r,DM,DE, where PA and ρA are the
corresponding pressures and the energy densities. Here,
we choose ωDM = ωb = 0, ωr = 1/3 and ωDE is a time-
varying function. Therefore, the balance equations of our
fluids are respectively,
dρb
dz
− 3Hρb = 0, (1)
dρr
dz
− 4Hρr = 0, (2)
dρDM
dz
− 3ρDM
(1 + z)
= − Q
H(1 + z)
, (3)
dρDE
dz
− 3(1 + ωDE)ρDE
(1 + z)
= +
Q
H(1 + z)
, (4)
where the differentiation has been done with respect
to the redshift, z, H denotes the Hubble expansion
rate and the quantity Q expresses the interaction be-
tween the dark sectors. For simplicity, it is convenient
to define the fractional energy densities ΩA ≡ ρAρc and
ΩA,0 ≡ ρA,0ρc,0 , where the critical density ρc ≡ 3H2/8piG
and the critical density today ρc,0 ≡ 3H02/8piG being
H0 = 100hKms
−1Mpc−1 the current value of H. Like-
wise, we have taken the relation
∑
A ΩA,0 = 1. Here, the
subscript “0” indicates the present value of the quantity.
In this work, we consider the spatially flat FRW metric
with line element
ds2 = −dt2 + a2(t)δijdxidxj , (5)
where t represents the cosmic time and “a” represents the
scale factor of the metric and it is defined in terms of the
redshift z as a = (1 + z)−1, from which one can find the
relation of H and the cosmic time dt/dz = −1/(1 + z)H.
Then, we analyze the ratio between the energy densities
of DM and DE, defined as R ≡ ρDM/ρDE. From Eqs. (3)
and (4), we obtain [59, 60]
dR
dz
=
−R
(1 + z)
(
3ωDE +
(1 + R)Q
HρDM
)
. (6)
This Eq. leads to
Q = −
(
3ωDE +
dR
dz
(1 + z)
R
)
HρDM
1 + R
. (7)
Due to the fact that the origin and nature of the dark
fluids are unknown, it is not possible to derive Q from
fundamental principles. However, we have the freedom
of choosing any possible form of Q that satisfies Eqs. (3)
and (4) simultaneously. Hence, we propose a phenomeno-
logical description for Q as a linear combination of ρDM,
H and a time-varying function IQ,
Q ≡ HρDMIQ, IQ ≡
∑
n=0
λnTn, (8)
where IQ is defined in terms of Chebyshev polynomials
and λn are constant and small |λn|  1 dimensionless
parameters. This polynomial base was chosen because it
converges rapidly, is more stable than others and behaves
well in any polynomial expansion, giving minimal errors
[53]. The first three Chebyshev polynomials are
T0(z) = 1 , T1(z) = z , T2(z) = (2z
2 − 1). (9)
From Eqs. (8) and (9) an asymptotic value for IQ can be
found: IQ → ∞ for z → ∞, IQ = λ0 − λ2 for z = 0 and
IQ ≈ λ0 − λ1 + λ2 for z → −1.
Similarly, we will focus on an interacting model with a
specific ansatz for the EoS parameter, given as
ωDE ≡ ω2 + 2
2∑
m=0
ωmTm
2 + z2
. (10)
Within this ansatz a finite value for ω is obtained from
the past to the future; namely, the following asymptotic
values are found: ωDE = 5ω2 for z → ∞, ωDE ≈ ω0 for
z = 0 and ωDE ≈ (5/3)ω2 + (2/3)[ω0 − ω1] for z → −1.
Thus, a possible physical description should be explored.
In order to guarantee that Q may be physically accept-
able in the dark sectors [59], we equal the right-hand sides
of Eqs. (7) and (8), which becomes
dR
dz
=
−R
(1 + z)
(
IQ(1 + R) + 3ωDE
)
. (11)
Now, to solve or alleviate of coincidence problem, we re-
quire that R tends to a fixed value at late times. This
leads to the condition dR/dz = 0, which therefore im-
plies two stationary solutions R+ = R(z → ∞) =
−(1 + 3ωDE/IQ) and R− = R(z → −1) = 0, The first
solution occurs in the past and the second one happens
in the future.
By inserting Eqs. (8) and (10) into Eq. (11), we find
that R has no analytical solution, in any case, it is to
be solved numerically. Likewise, there are an analytical
solution for just ρb, ρr and ρDM, respectively, but ρDE
will be obtained from R, as ρDE = ρDM/R.
3Therefore, the first Friedmann equation is given by
E2 =
H2
H20
= Ωb,0(1 + z)
3
+Ωr,0(1 + z)
4
+Ω?DM(z)(1+R
−1),
(12)
where have considered that
Ω?DM(z) = (1 + z)
3ΩDM,0exp
[−zmax
2
2∑
n=0
λnIn(z)
]
,∫ z
0
Tn(x˜)
(1 + x˜)
dx˜ ≈ zmax
2
∫ x
−1
Tn(x˜)
(a1 + a2x˜)
dx˜ ≡ zmax
2
In(z),
x ≡ 2z
zmax
− 1, a1 ≡ 1 + zmax
2
, a2 ≡ zmax
2
,
I0(z) =
2
zmax
ln(1 + z),
I1(z) =
2
zmax
(
2z
zmax
− (2 + zmax)
zmax
ln(1 + z)
)
,
I2(z) =
2
zmax
[
4z
zmax
(
z
zmax
− 2
zmax
− 2
)
+(
1 +
6.8284
zmax
)(
1 +
1.1716
zmax
)
ln(1 + z)
]
,
where zmax is the maximum value of z such that x˜ ∈
[−1, 1] and |Tn(x˜)| ≤ 1 and n ∈ [0, 2] [53].
For a better analysis, we have compared the IDE model
with other possible cosmological models. Thus, if Q(z) =
0 and ωDE = −1 in Eq. (12) the standard ΛCDM model
is recove-red. Similarly, when Q(z) = 0 and ωDE is given
by Eq. (10), the ωDE model is obtained. These non-
interacting models have an analytical solution for R.
III. COSMOGRAPHIC PARAMETERS
In this section, we are interested in studying the pa-
rameters that characterizing the kinematic state of the
universe for the three models presented in the previous
section. For this reason, we perform a Taylor series ex-
pansion of the scale factor up to the sixth order around
the current epoch, t0, with ∆t = t− t0 > 0,
a(t) = 1 + H0∆t− 1
2!
q0H
2
0∆t
2 +
1
3!
j0H
3
0∆t
3 +
1
4!
s0H
4
0∆t
4
+
1
5!
l0H
5
0∆t
5 +
1
6!
m0H
6
0∆t
6 + ...+, (13)
the coefficients of the expansion are evaluated at t0 and
allow us to define the following functions so-called cos-
mographics parameters of the universe [36–49]
H =
a˙
a
, q = − a¨
aH2
, j = −
...
a
aH3
,
s =
....
a
aH4
, l =
.¨..
a
aH5
, m =
......
a
aH6
. (14)
These functions are usually denominated as the Hubble,
deceleration, jerk, snap, lerk and merk parameters, re-
spectively. Here, the dots indicate the derivatives with
respect to the cosmic time and without loss of generality,
we have assumed that the scale factor value today, i.e.,
a0 = 1. It is convenient to convert the derivatives of the
above equation from time to redshift and then combine
those functions among themselves, obtaining
q =
3ωDE + 1 + R
(
1 +
Ωb,0+2Ωr,0
ΩDM,0
)
2
[
1 + R
(
1 +
Ωb,0+Ωr,0
ΩDM,0
)] ,
j = q+ 2q2 + (1 + z)q′,
s = −j(2 + 3q)− (1 + z)j′,
l = (1 + z)
[
(1 + z)j′′ + (3q′ + (6 + 7q)′
]
+ j(2 + 3q)(3 + 4q),
m = −(1 + z)l′ − (4 + 5ql. (15)
where ′ denotes the derivatives with respect to z.
IV. CONSTRAINT METHOD AND
OBSERVATIONAL DATA
A. Constraint method
In general, to constrain the parameter spaces of the
present models, we have modified the codes proposed
in the MCMC method [61]. There are three statisti-
cal analyses that we have done to calculate the best-
fit parameters: The first was done on a non-interacting
model so-called ΛCDM with six parameters P1 =
(ΩDM,0,H0, α, β,M,dM), the second was also made on
a non-interacting scenario denominated ωDE model with
nine parameters P2 = (ω0, ω1, ω2,ΩDM,0,H0, α, β,M,dM)
and an interacting model with twelve parameters P3 =
(λ0, λ1, λ2, ω0, ω1, ω2,ΩDM,0,H0, α, β,M,dM). Further-
more, the constant priors for the model parameters
were: λ0 = [−1.5 × 10+2 + 1.5 × 10+2], λ1 = [−1.5 ×
10+2,+1.5 × 10+2], λ2 = [−1.5 × 10+1,+1.5 × 10+1],
ω0 = [−2.0,−0.3], ω1 = [−1.0,+1.0], ω2 = [−2.0,+0.1],
ΩDM,0 = [0, 0.7], H0 = [20, 120], α = [−0.2,+0.5],
β = [+2.1,+3.8], M = [−20,−17], dM = [−1.0,+1.0].
We have also fixed Ωr,0 = Ωγ,0(1 + 0.2271Neff ), where
Neff represents the effective number of neutrino species.
So, Neff = 3.04 ± 0.18, Ωγ,0 = 2.469 × 10−5h−2 and
Ωb,0 = 0.02230h
−2 were chosen from Table 4 in [4].
B. Observational data
To test the viability of our models and set constraints
on the model parameters, we use the following data sets:
• The Supernovae (SNe Ia) data: We used the Join
Analysis Luminous (JLA) [1–3] data composed by 740
SNe Ia with hight-quality light curves, which include
samples from z < 0.1 to 0.2 < z < 1.0.
4The observed distance modulus is modeled by [1–3]
µJLAi = m
∗
B,i+αx1,i−βCi−M−dM, 1 ≤ i ≤ 740, (16)
where and the parameters m∗B , x1 and C describe the in-
trinsic variability in the luminosity of the SNe. Further-
more, the nuisance parameters α, β, M and dM charac-
terize the global pro-perties of the light-curves of the SNe
and are estimated simultaneously with the cosmological
parameters of interest. Then, the theoretical distance
modulus is
µth(z) ≡ 5log10
[
DL(z)
Mpc
]
+ 25, (17)
where “th” denotes the theoretical prediction for a SNe
at z. The luminosity distance DL(z), is defined as
DL(zhel, zCMB) = (1 + zhel)c
∫ zCMB
0
dz′
H(z′)
, (18)
where zhel is the heliocentric redshift, zCMB is the CMB
rest-frame redshift, c = 2.9999× 105km/s is the speed of
the light. Thus,
µth(zhel, zCMB) = 5 log10
[
(1 + zhel
∫ zCMB
0
dz′
E(z′
)
]
+52.385606− 5 log10(H0). (19)
Then, the χ2 distribution function for the JLA data is
χ2JLA = (∆µi)
t (
C−1Betoule
)
ij
(
∆µj
)
, (20)
where ∆µi = µ
th
i −µJLAi is a column vector and C−1Betoule
is the 740× 740 covariance matrix [3].
• Baryon Acoustic Oscillation (BAO) data:
The BAO distance measurements can be used to
constrain the distance ratio dz(z) =
rs(zd)
DV (z)
at differ-
ent redshifts, obtained from different surveys [5–16]
listed in Table I. Here, rs(zd) is the comoving sound
horizon size at the baryon drag epoch zd, where the
baryons were released from photons and has been
calculated by [17]. Moreover, the dilation scale is
defined as Dv(z) ≡ 1H0
[
(1 + z)2DA
2(z) czE(z)
]1/3
, where
DA(z) = c
∫ z
0
dz′
H(z′) is the angular diameter distance.
Thus, the χ2 is given as
χ2BAO I =
17∑
i=1
(
dthz (zi)− dobsz (zi)
σ(zi)
)2
. (21)
• Cosmic Microwave Backgroung data: We use
the Planck distance priors data extracted from Planck
2015 results XIII Cosmological parameters, for the com-
bined analysis TT, TF, FF + lowP + lensing [4, 22].
From here, we have obtained the values of the shift pa-
rameter R(z∗), the angular scale for the sound horizon
at photon-decoupling epoch, lA(z∗), and the redshift at
z dobsz σz Refs. z d
obs
z σ Refs.
0.106 0.3360 ±0.0150 [5, 6] 0.350 0.1161 ±0.0146 [13]
0.150 0.2232 ±0.0084 [7] 0.440 0.0916 ±0.0071 [9]
0.200 0.1905 ±0.0061 [8, 9] 0.570 0.0739 ±0.0043 [14]
0.275 0.1390 ±0.0037 [8] 0.570 0.0726 ±0.0014 [11]
0.278 0.1394 ±0.0049 [10] 0.600 0.0726 ±0.0034 [9]
0.314 0.1239 ±0.0033 [9] 0.730 0.0592 ±0.0032 [9]
0.320 0.1181 ±0.0026 [11] 2.340 0.0320 ±0.0021 [15]
0.350 0.1097 ±0.0036 [8, 9] 2.360 0.0329 ±0.0017 [16]
0.350 0.1126 ±0.0022 [12]
TABLE I. Summary of BAO I data [5–16].
z H(z) 1σ Refs. z H(z) 1σ Refs.
0.070 69.0 ±19.6 [23] 0.480 97.0 ±62.0 [30]
0.090 69.0 ±12.0 [24] 0.570 87.6 ±7.80 [14]
0.120 68.6 ±26.2 [23] 0.570 96.8 ±3.40 [11]
0.170 83.0 ±8.0 [24] 0.593 104.0 ±13.0 [25]
0.179 75.0 ±4.0 [25] 0.600 87.9 ±6.1 [29]
0.199 75.0 ±5.0 [25] 0.680 92.0 ±8.0 [25]
0.200 72.9 ±29.6 [23] 0.730 97.3 ±7.0 [29]
0.240 79.69 ±2.99 [27] 0.781 105.0 ±12.0 [25]
0.270 77.0 ±14.0 [24] 0.875 125.0 ±17.0 [25]
0.280 88.8 ±36.6 [23] 0.880 90.0 ±40.0 [30]
0.300 81.7 ±6.22 [28] 0.900 117.0 ±23.0 [24]
0.340 83.8 ±3.66 [27] 1.037 154.0 ±20.0 [27]
0.350 82.7 ±9.1 [13] 1.300 168.0 ±17.0 [24]
0.352 83.0 ±14.0 [25] 1.363 160.0 ±33.6 [31]
0.3802 83.0 ±13.5 [26] 1.430 177.0 ±18.0 [24]
0.400 95.0 ±17.0 [24] 1.530 140.0 ±14.0 [24]
0.4247 87.1 ±11.2 [26] 1.750 202.0 ±40.0 [24]
0.430 86.45 ±3.97 [27] 1.965 186.5 ±50.4 [31]
0.440 82.6 ±7.8 [29] 2.300 224.0 ±8.6 [32]
0.4497 92.8 ±12.9 [26] 2.340 222.0 ±8.5 [15]
0.4783 80.9 ±9.0 [26] 2.360 226.0 ±9.3 [16]
TABLE II. Shows the H(z) data [11, 13–16, 23–32]
photon-decoupling epoch, z∗. Then, the shift parameter
R˜ is defined by [20]
R˜(z∗) ≡
√
ΩM,0
∫ z∗
0
dy˜
E(y˜)
, (22)
where E(y˜) is given by Eq. (12) and the redshift z∗ is
obtained from [21]
z∗ = 1048
[
1+0.00124(Ωb,0h
2)−0.738
][
1+g1(ΩM,0h
2)g2
]
,
(23)
where
g1 =
0.0783(Ωb,0h
2)−0.238
1 + 39.5(Ωb,0h2)0.763
, g2 =
0.560
1 + 21.1(Ωb,0h2)1.81
.
(24)
The angular scale lA for the sound horizon is
lA ≡ piDA(z∗)
rs(z∗)
, (25)
5where rs(z∗) is the comoving sound horizon at z∗. From
[4, 22], the χ2 is
χ2CMB = (∆xi)
t (
C−1CMB
)
ij
(∆xj) , (26)
where ∆xi = x
th
i − xobsi is a column vector
xthi (X)− xobsi =
 lA(z∗)− 301.7870R(z∗)− 1.7492
z∗ − 1089.990
 , (27)
“t” denotes its transpose and (C−1CMB)ij is the inverse
covariance matrix [22] given by
C−1CMB ≡
 +162.48 −1529.4 +2.0688−1529.4 +207232 −2866.8
+2.0688 −2866.8 +53.572
 . (28)
• Hubble observational data: This sample is com-
posed by 42 independent measurements of the Hubble
parameter at different redshifts and were derived from
differential age dt for passively evolving galaxies with red-
shift dz and from the two-points correlation function of
Sloan Digital Sky Survey. This sample was taken from
Table III in [26, 62]. Then, the χ2H function for this data
set is [62]
χ2H ≡
42∑
i=1
[
Hth(zi)−Hobs(zi)
]2
σ2(zi)
, (29)
where Hth denotes the theoretical value of H, Hobs rep-
resents its observed value and σ(zi) is the error.
In order to put constraints on the model parameters, we
have calculated the overall likelihood Lα e−χ2/2, where
χ2 can be defined by
χ2 = χ2JLA + χ
2
BAO + χ
2
CMB + χ
2
H . (30)
V. RESULTS.
In this work, we have run eight chains for each of the
three models proposed on the computer, and the best-fit
parameters with 1σ and 2σ errors, are presented in Ta-
ble III. Hence, we can see that the corresponding χ2min
for the IDE model becomes smaller in comparison with
those obtained in the non-interacting models.
The one-dimension probability contours with 1σ and 2σ
errors on each parameter of the present models and ob-
tained from the combined constraint of geometric data,
are plotted in Fig. 1.
Due to the two minimums obtained in the IDE model
(see Table III), we consider now two different cases to
reconstruct IQ: the case 1 is so-called IDE1 with λ2 > 0;
by contrast, the case 2 is dubbed IDE2 with λ2 < 0.
The evolution of ωDE with respect to redshift and within
the 1σ error around the best-fit curve for the present
models, is presented in the left upper panel of Fig. 2.
From here, one can see that in the ωDE and IDE models,
the universe evolves from the phantom regime ωDE < −1
to the quintessence regime ωDE > −1, and then it be-
comes phantom again. Moreover, ωDE crosses the phan-
tom divide line −1 [63] twice. In particular, the IDE1
(IDE2) case has two crossing points in the 1σ confidence
region in z = +0.0591+0.1024−0.0536 (z = +0.0633
+0.1038
−0.0555) and
z = +1.1794+0.9290−0.3137 (z = +1.1784
+0.9288
−0.3163), respectively.
Analogously, for the ωDE model these points are respec-
tively z = +0.0337+0.1970−0.0535 and z = +0.5024
+0.2827
−0.2730. Such
a crossing feature is favored by the data within 1σ error.
Likewise, our fitting results show that the evolution of
ωDE in the ωDE and IDE models are very close to each
other, in particular, they are close to −1 today. These
results imply that ωDE shows a phantom nature today
and are in excellent agreement with the constraints at
1σ confidence region obtained by [4].
The evolution of IQ along z and within the 1σ error
around the best-fit curve for the IDE model is shown in
the right upper panel of Fig. 2. From where, we see that
IQ can change its sign throughout its evolution. Now,
from Eqs. (3) and (4), we conveniently establish the fol-
lowing convention: I+ denotes an energy transfer from
DE to DM while I− denotes an energy transfer from DM
to DE. From here, we have found a change from I+ to
I− and vice versa. This change of sign is linked to the
crossing of the line, IQ = 0, which is also favored by the
data at 1σ error. The IDE model shows three crossing
points in z = −0.3370+0.0553−0.1734 (IDE1), z = −0.4673+0.0874−0.1181
(IDE2) and z = +5.6077+2.2901−2.3950 (IDE2), respectively.
The fitting results indicate that IQ is stronger at early
times and weaker at later times, namely, IQ remains small
today, being IQ,0 = +8.5875× 10−5+5.6690×10
−5
−2.2592×10−5 for the
case IDE1 and IQ,0 = +13.8237× 10−5+6.0544×10
−5
−4.5652×10−5 for
the case IDE2, respectively. These results are consistent
at 1σ error with those reported in [53, 64, 65]. However,
our outcomes are smaller with tighter constraints. This
discrepancy may be due to the ansatz chosen for IQ and
the used data.
For the three cosmologies, the background expansion rate
H/H0 with respect to z is shown in left below panel of
the Fig. 2. To emphasize a possible deviation at z < 0,
we have plotted up to z = −1.0. Hence, we have noted
that the amplitudes of H/H0 in the ωDE and IDE mod-
els deviate significantly from that found in the ΛCDM
model. It means that H/H0 is sensitive with both Q and
ωDE.
The cosmic evolution of q, j, s and l along z for the three
scenarios within 1σ confidence level and in the range
−1 ≤ z ≤ 5 are plotted in the left below panel of Fig. 2
and in the panels of Fig. 3. From the last panel of Figure
2, it is evident that q shows a transition from decelerated
phase to accelerated phase at the transition redshift, zt,
defined from q(zt) = 0. In Table IV, we list the current
best-fit values of the cosmographic parameters and the
6Parameters ΛCDM ωDE IDE1 IDE2
λ0 × 10+4 N/A N/A +1.120+0.6569+2.1166−0.5709−1.4348 +1.120+0.6569+2.1166−0.5709−1.4348
λ1 × 10+4 N/A N/A +2.733+0.4108+0.7581−0.5648−1.9464 +2.733+0.4108+0.7581−0.5648−1.9464
λ2 × 10+5 N/A N/A +2.7112+0.8670+1.6127−3.5277−4.6376 −2.6490+0.5032+1.0396−1.1769−2.8069
ω0 −1.0 −1.0364+0.0648+0.1140−0.0865−0.1910 −1.0730+0.0644+0.1139−0.0863−0.1906 −1.0773+0.0645+0.1136−0.0863−0.1918
ω1 N/A +1.150
+0.2377+0.5849
−0.1230−0.1965 +1.2941
+0.2377+0.5848
−0.1230−0.1965 +1.2969
+0.2359+0.5849
−0.1239−0.1964
ω2 N/A −1.0546+0.1283+0.4803−0.0381−0.0741 −0.6179+0.1281+0.4802−0.0382−0.0742 −0.6179+0.1281+0.4802−0.0382−0.0742
ΩDM,0 +0.2812
+0.0185+0.0478
−0.0140−0.0278 +0.2844
+0.0118+0.0386
−0.0062−0.0125 +0.2844
+0.0118+0.0386
−0.0062−0.0125 +0.2844
+0.0118+0.0386
−0.0062−0.0125
Ωb,0 +0.0493
+0.0018+0.0037
−0.0020−0.0040 +0.0494
+0.0012+0.0025
−0.0014−0.0030 +0.0494
+0.0012+0.0025
−0.0014−0.0030 +0.0494
+0.0012+0.0025
−0.0014−0.0030
H0 +67.10
+1.3038+2.6882
−1.3336−2.5704 +67.1480
+0.8092+1.8055
−0.9875−1.9252 +67.1487
+0.8085+1.8048
−0.9882−1.9259 +67.1487
+0.8085+1.8048
−0.9882−1.9259
α +0.1360+0.0418+0.0848−0.0403−0.0810 +0.1360
+0.1103+0.2289
−0.1205−0.2483 +0.1360
+0.1103+0.2289
−0.1205−0.2483 +0.1360
+0.1103+0.2289
−0.1205−0.2483
β +3.060+0.1031+0.2083−0.1058−0.2069 +3.0780
+0.1964+0.3917
−0.1858−0.3708 +3.0780
+0.1964+0.3917
−0.1858−0.3708 +3.0780
+0.1964+0.3917
−0.1858−0.3708
M −19.0324+0.3796+0.7651−0.3888−0.7769 −19.0880+0.5637+1.1179−0.5527−1.1042 −19.0631+0.5647+1.1099−0.5517−1.0970 −19.0631+0.5647+1.1099−0.5517−1.0970
dM −0.124+0.2774+0.5409−0.2721−0.5338 −0.1230+0.3711+0.7483−0.3832−0.7503 −0.1230+0.3711+0.7483−0.3832−0.7503 −0.1230+0.3711+0.7483−0.3832−0.7503
χ2min 719.8072 707.8162 704.0342 703.2585
TABLE III. Shows the best-fit values of the cosmological parameters for the three models with 1σ and 2σ errors.
Parameters ΛCDM ωDE IDE1 IDE2
q0 −0.5042+0.0253−0.0176 −0.5357+0.0805−0.0936 −0.5721+0.0805−0.0945 −0.5764+0.0806−0.0944
j0 +1.0 +2.2625
+0.1854
−0.0205 +2.5280
+0.2082
−0.0037 +2.5458
+0.2097
−0.0001
s0 −0.4880+0.0529−0.0758 +7.2042+1.3190−1.2697 +6.0919+1.5122−1.3192 +6.1821+1.5200−1.3264
l0 +3.4698
+0.2047
−0.1383 +22.780
+8.1174
−1.4726 +27.5037
+6.4060
−0.2759 +28.0020
+6.4938
−0.1259
m0 −17.6637+1.1241−1.6560 +190.5955+24.3474−19.4601 +133.6285+41.3932−43.7943 +136.2745+42.0971−54.1525
zt +0.595
+0.030
−0.040 +0.580
+0.270
−0.255 +0.540
+1.165
−0.220 0.545
+1.160
−0.215
TABLE IV. Shows the current values of the cosmographic parameters and the transition redshift zt with 1σ error.
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FIG. 1. Displays the one-dimension probability contours of the parameter space at 1σ and 2σ errors. Besides ∆χ2 = χ2 − χ2min.
best-fit values of zt (sixth row) within 1σ error for the three models. Among the three scenarios, the ΛCDM
7FIG. 2. Shows the background evolution of ωDE (left above panel), IQ (right above panel), H/H0 (left below panel) and q
(right below panel) along z for the present models. Here, we have fixed the best-fit values of Table III and have considered the
respective constraints at 1σ error for the ωDE and IDE models.
FIG. 3. Displays the background evolution of j (left above panel), s (right above panel), l (left below panel) and m (right
below panel) along z for the present scenarios. Here, we have fixed the best-fit values of Table III and have considered the
respective constraints at 1σ error for the ωDE and IDE models.
model presents a larger zt, and the IDE1 case presents
a smaller zt. Likewise, from this Table we can see that,
for the three models, zt is located at 0.5 < zt < 1.0,
which is consistent at 1σ error with the results presented
in [26, 66–72].
In addition, for the three models, we find that the 1σ
confidence regions of q are different in the future. While
in the ωDE model, q is slightly smaller at z < 0 in com-
8parison with the results found in the other models. In
contrast, the amplitudes of j, s, l and m in the ωDE
model become larger and remain finite in the past or fu-
ture when are compared with those predicted in the other
models. In the ωDE and IDE models, these last param-
eters present an oscillatory behavior around the best fit
curve of the ΛCDM model and can change their sign at
z < 3. These effects may be a consequence of the chosen
ansatzes for Q and ωDE.
As we can see from Table IV, the present values of the
cosmographic parameters can be used to establish differ-
ences among the three DE models.
VI. CONCLUSIONS
In this work, we are interested in reconstructing
the whole evolutionary histories of the first six cosmo-
graphic parameters from the past to future, allowing
us to extract information about the kinematic state of
the universe today. For this reason, we examined an
interacting DE model (IDE) fills with two interacting
components such as DM and DE, together with two
non-interacting components decoupled from the dark
sectors such as baryons and radiation. Here, we propose
an interaction Q proportional to the DM energy density,
to the Hubble parameter H, and to a time-varying
function, IQ, expanded in terms of the Chebyshev
polynomials Tn, defined in the interval [−1, 1]. Besides,
we also reconstruct a non-constant ωDE, in function of
those polynomials. These ansatzes have been proposed
so that their cosmic evolution are free of divergences at
the present and future times, respectively. Based on a
combined analysis of geometric probes including JLA +
BAO + CMB + H data and using the MCMC method,
we constrain the parameter space and compared it with
the results obtained from two different non-interacting
models, presented in Tables III and IV, respectively.
Likewise, from Table III and the upper panels of Fig.
2, our fitting results show that ωDE crosses −1 twice.
Similarly, IQ can cross twice the line Q = 0 as well.
These crossing features are favored by the data at 1σ
error. On the other hand, the combined impact of
both Q and ωDE on the evolution of the cosmographic
parameters along z, are shown in the below panels of Fig.
2 and in the panels of Fig. 3, respectively. From these
panels, it has also found that the evolution of H/H0,
q, j, s, l and m in the IDE model deviates significantly
from those inferred in the ΛCDM and ωDE models,
respectively, and moreover, they do not diverge in a far
future, except for the behavior of H/H0. It meant that,
these detected deviations are brought about mainly by
Q and ωDE. Thus, these reconstructed cosmographic
parameters are sensitive to the evolution of Q and ωDE,
respectively. Furthermore, the right below panel of
Fig. 2 indicates that in the ωDE and IDE models, the
universe is less accelerated in a far future respect to the
predicted value by the ΛCDM model. According to the
results presented previously, the j, s, l and m parameters
found in the IDE model exhibit qualitatively different
behaviors when are compared with those obtained in
the ΛCDM or ωDE models. For instance, these effects
can be understood by considering the extra-terms λ0, λ1
and λ2 in the DM energy density, (see Eq. (12)), which
increases and, in consequence, amplifies the amount of
DM. Similarly, ω0, ω1 and ω2 affect ωDE. As a result,
R, and in consequence, the respective q in the ωDE
and IDE models become lesser than that inferred in the
ΛCDM model.
In addition, we also see that our numerical estimations
agree within 1σ error with those obtained in [38–49].
We have confirmed that the ansatzes for Q and ωDE
in terms of z are successful and valid to reconstruct
the cosmographic series. In this sense, the IDE model
can be compared and distinguished from the ΛCDM
and ωDE models, by using the present values of the
cosmographic parameters, given by Table IV. We believe
that the two ansatzes proposed for Q and ωDE in terms
of the Chebyshev polynomials are very successful to
explore the dynamical evolution of DE and have shown
that they can be employed to reconstruct the first
six cosmographic parameters. We suggest that those
ansatzes should be further investigated.
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